In this paper we propose and prove some generalizations and sharpenings of certain inequalities of Wilker's and Shafer-Fink's type. Application of the Wu-Debnath theorem enabled us to prove some double sided inequalities.
Introduction
The main topic of this paper is the refinement and generalization of some inequalities of Wilker's and Shafer-Fink's type.
Wilker's inequality is an inequality of the following form:
and holds for x ∈ 0, π 2
, [3] . That inequality had a great impact on numerous papers that address the theory of analytical inequalities [10] .
Concerning Wilker's inequality, in this paper we propose and prove some extensions of Theorem 2.1 from [13] , see also [11] .
Shafer-Fink's inequality is the following double-sided inequality:
and holds for x ∈ (0, 1), [2] , [4] .
The above-mentioned inequality also had a great impact on many papers in the theory of analytical inequalities [10] . It is important to say that inequalities of this type have applications in various fields of engineering [6] , [7] , [8] ; see also [9] , [15] , [19] .
In this paper, concerning Shafer-Fink's inequality, we propose and prove some extensions of Theorems 1 and 2 from [14] .
We now state the Wu-Debnath theorem (Theorem 2 in [5] ), used in our proofs.
Theorem WD. Suppose that f (x) is a real function on (a, b), and that n is a positive integer such that
is increasing on (a, b), then for all x ∈ (a, b) the following inequality holds :
is decreasing on (a, b), then the reversed inequality of (3) holds.
(ii) Supposing that f (n) (x) is increasing on (a, b), then for all x ∈ (a, b) the following inequality also holds :
Furthermore, if f (n) (x) is decreasing on (a, b), then the reversed inequality of (4) holds.
Let us mention that an interesting application of Theorem WD to the inequalities that involve hyperbolic functions was considered in [17] .
Here, we prove a statement that represents a natural extension of the above theorem. Theorem 1. For the function f : (a, b) −→ R let there exist the power series expansion :
for every x ∈ (a, b), where {c k } k∈N0 is the sequence of coefficients such that there is only a finite number of negative coefficients, and their indices are all in the set J = {j 0 , . . . , j ℓ }.
Then, for the function
and the sequence {C k } k∈N0 of the non-negative coefficients defined by
holds that :
for every x ∈ (a, b).
. . , n}) and the following inequalities hold :
i.e. :
Proof. This is a direct consequence of the previous theorem. The fact that all coefficients are positive implies that all derivatives are positive, and, consequently, corresponding functions are increasing.
Corollary 2.
Let there hold the conditions from the previous theorem. If
then the following holds :
Main results

Wilker's type inequalities
The following statement was proved in [13] :
the following inequalities are true :
where a(x) = 8 945
Above theorem is also an extension of Theorem 1 from [11] .
Let us notice that the inequality (13) could be stated as an equivalent inequality of the following form:
for
In this paper, we sharpen the previous double-sided inequality using Theorem WD.
Theorem 4. For the function
where
, the following sequence of inequalities holds :
and m ∈ N and c 0 = c 1 = c 2 = 0 and for k ≥ 3 :
where B i are Bernoulli's numbers.
Proof. First, let us recall some well-known series expansions:
If we define f (0) = 0, then we have Taylor's expansion of the function f (x) for x = 0 :
where c 0 = c 1 = c 2 = 0 and for k ≥ 3 :
The obtained Taylor's expansion of the function f (x) converges for x ∈ 0, , satisfies the condition:
and n ∈ N . Then, for n ∈ N , the functions f (n) (x) are all increasing for x ∈ 0, π 2
, and there exist values
The right-hand side of the inequality (16) is obtained using Theorem WD. • For m = 3 we get the double-sided inequality that was proved in [13] :
and, in this way, a new proof of the results from the paper [13] was obtained.
For m > 3 the results that follow are higher accuracies.
• For m = 4 we have : 
The maximum values of the above-mentioned difference in the interval 0, 
Shafer-Fink's type inequalities
Let us start from the following assertions proved by Bercu in [18] . Statement 1. (Theorem 1, [18] ) For every real number 0 ≤ x ≤ 1, the following two-sided inequality holds : 
where a(x) = (1/60)x 5 + (11/840)x 7 .
In [14] the authors proved the following theorem.
Statement 4.
(Theorem 1, [14] ) For x ∈ [0, 1], n ∈ N and k = 3 ∨ k = π the following inequality holds :
Remark 7. For n = 3, k = 3 and n = 1, k = π we get the left-hand sides of the inequalities stated in Theorems 1 and 3 from [18] by G. Bercu.
Now, let us consider the functions:
for x ∈ [0, 1], and k = 3 ∨ k = π. Then, using Theorem WD, we get:
and the sequence {D k (m)} m∈N0,m≥2 defined by (24), the following double-sided inequalities hold true :
Example 9. We show a few examples of approximations of the function f k (x) for k = 3, n = 3, 4, 5, 6 and x ∈ 0, π 2 :
• For n = 3 we have :
• For n = 4 we have :
• For n = 5 we have : • For n = 6 we have : • For n = 4 we have :
1− In [14] the authors proved the following assertion.
Statement 5. (Theorem 2, [14])
If n ∈ N and n ≥ 2, then
for every x ∈ [0, 1], where
for m ∈ N , m ≥ 2 E(1) = 0 .
Remark 11. For n = 3 we get the left-hand sides of the inequality stated in Theorem 2 from [18] by G. Bercu.
Using Theorem WD we prove the following theorem. • For n = 4 we have : 
